Quantized Algebras of Functions on 
Affine Hecke Algebras* 

Do Ngoc Diep 
February 1, 2008 

Abstract 

The so called quantized algebras of functions on affine Hecke algebras 
of type A and the corresponding g-Schur algebras are defined and their irre- 
ducible unitarizable representations are classified. 

Introduction 

The algebras of functions on groups define the structure of the groups themselves: 
the algebras of continuous functions on topological groups define the structure 
of the topological groups. This essentially is the so called Pontryagin duality for 
Abelian locally compact groups and the Tannaka-Krein duality theory for compact 
groups. The smooth functions on Lie groups define the structure of Lie groups. 
It is the essential fact that in this case we can produce the harmonique analysis 
on genral Lie groups. The quantized algebras of functions on quantum groups 
defined the structure of quantum groups etc. In the same sense we define quantized 
algebras of functions which define the structure of quantum affine Hecke algebras. 
Let us discuss a little bites in more detail. Let us denote by g a Lie algebra over 
the field of complex numbers, U (fj) its universal eveloping algebra, A 6 P* a 
positive highest weight, V V (X) the associated representation of type I, i.e. with a 
positive defined Hermite form (., .) and (xv i, v 2 ) = (v \.x*v 2 ), Vt> i, v 2 G V V (X), of 
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the quantized universal enveloping algebra U v (q). Let {v"} be an othogonal basis 
of V V (X). Consider the matrix elements of the representation defined by 

and the linear span !F V {G) := (C* s r ). It was shown in L. Korogodski and Y. 
Soibelman [ |KSQ that indeed it is equipped with a structure of an Hopf algebra, the 
so called the quantized algebra of functions on the quantum group corresponding 
to G. It was shown also that this algebra is generalized by the matrix coeffi- 
cients of the standard representation of G in the case G = SL 2 , i.e. the alge- 
bra of functions on quantum group SL 2 is generalized by the matrix coefficients 
tn, ti2, t 2 \,t 22 with the relations 

^11^12 = v 2 il2^11; ^11^21 = V 2 t2\tn 
t\ 2 t 22 = V 2 ^22^12; ^21^22 = V 2 t 22 t 2 \ 

^12^21 = hltl2, ^11^22 — t 22 tn = (v 2 — V 2 )ti 2 t 2 \ 

t u t 12 - v~ 2 t 12 t 21 = 1 



From this presentation of the algebra, L. Korogodski and Y. Soibelman [ |KS| ] ob- 
tained the description of all the irreducible (infinite-dimensional) unitarizable rep- 
resentations of the quantized algebra of functions F^G): For the particular case 
of JF W (SL 2 (C)), its complete list of irreducible unitarizable representations con- 
sists of: 

• One dimensional representations r t ,t 6 S 1 C C, defined by T t (t n ) = 
t, r t (t 22 ) = r\ r t (t 12 ) = 0, r(*2i) = 0. 

• Infinite-dimensional unitarizable jF l) (SL 2 (C))-modules n t , t E S 1 in £ 2 (N), 
with an orthogonal basis {e k }%L , defined by 



7Tt(*ii) : 

7I"t(*22) 
lTt{tl2) 
7Tt(*2l) 



e >-> 0, 

e k i-> Vl - ve k -i, k>0, 
e k i ^ VI - ve k+1 , k>0, 
e k h-> tv 2k e k , k > , 
e fc ^ r 1 v 2 * +1 e fc , k > . 



For the general case of JF„ (G) , consider the algebra homomorphism JF„ (G) — > 
JF 1) (SL 2 (C)), dual to the canonical inclusion SL 2 (C) Go Then every irre- 
ducible unitarizable representation of the quantized algebra of functions !F V (G) is 
equivalent to one of the representations from the list: 
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• The representations r t ,t = exp(27T\/^Tx) G T = 8 1 , 

• The representations Hi = n Sii <g> ■ ■ ■ <g> ir Si , if w = s^.-.s^ is the reduced 
decomposition of the element w into a product of reflections, where the 
representations tt s . is the composition of the homomorphisms 

tt Si = Ti —\ o p ~. F V (G) -» ^(SL 2 (C)) — > End£ 2 (N) 

The purpose of this paper is to obtain the same kind results for the quantized al- 
gebras of functions on affine Hecke algebras and quantum Schur-Weyl algebras. 
[Remark that it should be more reasonable to name them as the quantized algebras 
of functions on quantum affine Weyl groups, but the "non-affine counterpart" - the 
quantum Weyl group terminology was reserved by L. Korogodski and Y. Soibel- 
man for some objects of different kind - the algebras generated not only by the 
quantized reflections but also the quantized universal algebra.] 
We start from the following fundamental remarks: 

• The affine Hecke algebras H(t>, W^ff) and the v-Schur algebras S Hjr (v) are 
in a complete Schur-Weyl duality. It is therefore easy to conclude that the 
corresponding quantized algebras of functions, what we are going to define 
are also in a complete Schur-Weyl duality. 

• The negative universal enveloping algebras U~(sl n ) <EU R, where A = 
C[f,t> -1 ], R is the center of U~(sl n ), is isomorphic to the Hall algebras 
U~(W(v, W^ff)) and there is a natural map 6 from the last onto the f-Schur 
algebra S n r (f ). From this we then have some maps between the quantized 
algebras of functions 

•F(§n») - T{U;{5l n )) - HUMn)). 

The irreducible representations of JF(S„ r (t>)) could be found in the set of 
restrictions of irreducible untarizable representations of the quantized alge- 
bras C[SL r ] g , < q < 1, of functions on the quantum group of type SL r . 

• For complex algebraic groups G the irreducible unitarizable C[G] g -modules 
are completely described [ |KS| ] for < q < 1 . 
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Our main result describes the complete set of irreducible unitarizable jF(H(t>, W^ s ))- 
modules and <i))-modules, Theorems pT4] , [3TT], |3T2 . 

Let us describe the paper in more detail: Section 1 is a short introduction to 
the related subjects and we define the quantized algebras of functions FviWls) = 
jF(H(t>, W£g)) and .F„(S(n, d)) :— jF(S n r (t>)). In §2 we give a full description of 
all irreducible unitarizable representations of F v {Wlg). In §3 we do the same for 
the f-Schur algebras jF(S n r (t>)). 

Notation. Let us fix some conventions of notation. Denote F a ground local 
field of characteristic p, C the field of complex numbers, Z the ring of integers, 
SL r the special linear groups of matrices of sizes r x r with determinant 1, G 
an algebraic group, G = G(F) the group of rational F -points, T some maximal 
torus in G, X*(T) the root lattice, X*(T) the co-root lattice, C[G] g the quantized 
algebra of complex- valued functions on quantum group associated to G, S ntr (q) 
the g-Schur algebra, S n>r (v) the f-Schur algebra, jF(H(t>, W 7 ^)) the quantized 
algebra of functions on affine Hecke algebra, JF(§„ r (t>)) the quantized algebra of 
functions on quantum t>-Schur algebra. 



1 Definition of the quantized algebras of functions 

We introduce in this section the main objects - the quantized algebras ^(W^j) of 
functions on affine Hecke algebras. As remarked in the introduction, it should be 
better to name the quantized algebras of functions on quantum affine Weyl groups, 
but we prefer in this paper this terminology in order to avoid any confusion with 
the terminology from L. Korogodski and Y. Soibelman [|KS[]. 



1.1 

1.1.1 p-adic presentation 

Let us first recall the definition of Iwahori-Hecke algebras. Let F be a p-adic field, 
i.e. a finite extension of Q q , which is by definition the completion with respect to 
the ultra-metric norm of the rational field of the ring Z p := limZ/p n Z. Denote 
O the ring of integers in F, O x the group of units in O, G = SL 2 (F), B = 



{ 



x 




y 



X 



x, y G F, x 7^ 0} the Borel subgroup of G, T = { 



x 








x 



: x e 



O x } the maximal torus, and N = { 



1 




y 
l 



y E O} the unipotent radical of G. 
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It is easy to check that B = TN. Define the so called Iwahori-Hecke subgroup 



I = { 



x 

wz 



y 

w 



;x,w G O x ,y,ze O}, 



where zu is the generic presentative in the presentation of the principal ideal V = 
zuO. Let us denote the Haar measure on the locally compact group G = 
SL 2 (F), = vol(I) the volume of / with respect to this Haar measure, xi the 
characteristic function of the set I, ei := -J-pjXi the idempotent, ej = e/ = e/, 
defining a projector. The Iwahori-Hecke algebra IH(G, /) is defined as 

IH(G, J) = e 7 H(G , )e / = 

= {/ : SL 2 (F) - C; f(hxk) = f(x),Vh, kelje H(G) := C C °°(G)}, 

where M(G) := C^°(G) is the involutive algebra of smooth (i.e. locally con- 
stant) functions on SL 2 (F) with compact support, with the well-known convolu- 
tion product 

(f*g)(x) := / f{y)g(y- 1 x)d^{y) 

JG 

and involution as usually. Recall that the affine Weyl group W^ s is defined as 
W/{±1}, where W = (D,Dw), the group generated by two generators w : = 



1 
-1 



and D :-- 



w 

zu- 1 



w 



us choose the following generators wi 

. It is well-known the relations 



It is coincided with the dihedral group. Let 

and w 2 = II : = 



1 
-1 



-zu' 1 
zu 



wi = -l, 



Wo 



"I, 



or the standard braid relations 



WiW 2 Wi = W2W1W2, wl = —1, wl = —1. 



The group W^ s is discrete and infinite, and every element of W^ f can be pre- 
sented as a reduced word in w\ and w 2 , namely w = . . . w ik . The group 
G can be presented as the union of the double coset classes G = I.W^.I. Let 
us denote /„, the characteristic function of the coset class Iwl,w G W aS . If 
ik is a reduced presentation of w G W 7 ^ then f Wii * ■ ■ ■ * f w is 



w 



Wi 



w 
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independent of the reduced presentation of w and f w = f Wii * ■ ■ ■ * f Wi . Let us 
denote /, = f Wi ,i = 1,2. We have therefore a correspondence 

weW^^f w em(G,I), 

subject to the relations 

fi fj fi = fj fi fj 

ft = ( q -l)f l + q , m±q=(0:P). 
Let us do a change of variable v := -4= then we have 

fi fj fi = fj fi fj 

(fr + l^-v- 2 ) = 0. 

This is the so called Coxeter presentation of the Iwahori-Hecke algebra in SL 2 
case. 

For rank r groups of type A, i.e. SL r we have the same picture, see for example 
[ ]CG| ]. Let us consider also the Hecke algebra H(G) = C%°(G), of smooth (i.e. 
locally constant) functions on G with compact support, under convolution product 
and involution. Corresponding to the map of rings 

¥ q < — O — > F, with q = p l = (O : V), for some integer £ 

we have the maps of the groups of rational points 

G{¥ q ) < — G(O) — > G{F). 

The preimage in G(C) of the Borel subgroup B(¥ q ) is called the Iwahori sub- 
group. It was shown that G = G(F) = LW^ S .L The Iwahori-Hecke algebra 
IH(G, /) is defined as the algebra of smooth J-bi-invariant functions with com- 
pact support on G(F) under convolution and involution as a sub-algebra of the 
Hecke algebra H(G) = C™(G). Denote by f s . the characteristic function of the 
double coset class Lsi.I in G = U we w r I-w.I, and normalize as in the rank one 
case we also obtain the relations 

f ' S % f S j f S j f S j f S j f Sj J 

(/« + - v~ 2 ) = 0, where v = ^-,q = p l = (O : V), 
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1.1.2 Affine Hecke algebras M(v, W[ s ) 

As usually let us denote v the formal quantum parameter. (Abstract) Iwahori- 
Hecke algebras or affine Hecke are defined in two equivalent ways: in Coxeter 
presentation as group algebras of affine Weyl groups and in Bernstein presenta- 
tion as some abstract algebras presented by generators with relations. In Coxeter 
presentation: 

Definition 1.1 An (abstract) Iwahori-Hecke or affine Hecke algebra is an C[v, v' 1 ] 
algebra generated by T CT , a e W^ s , subject to the relations: 

rj~\ rj~i rj~i rj~i rj~i rj~i 

Sj Sj S'i Sj <Sj Sj 1 

(T Si + l)(T Si -v' 2 ) = 0, 
T a T 1 = T a7 if£(a 1 )=e(a)+e( 1 ). 

Let us go to the Bernstein presentation of affine Hecke algebras as some ab- 
stract algebras presented by generators with relations. 



Definition 1.2 An affine Hecke algebra in Bernstein presentation is an C[v, v x ] 



algebra with generators T^,i = 1, ... r — 1, and Xf,j = 1, . . . , r, subject to the 



relations: 

T t T~ = 1 = T~T h (Ti + l)(Ti - v- 2 ) = 0, 

TiT i+ iTi = Tj +1 TjYj +1 , TiTj = TfT^ if\i — j\ > 1, 

X i X i = 1 = X i Xi, X; L Xj = XjXi, 

TiX.Ti = v- 2 X i+1 , X 3 Ti = T t Xj, ifj^i,i + l. 

In this definition we denoted T { in place of T- + , Xi in place of X+, etc.... we keep 
this agreements in the future use. 

The isomorphism between two definitions can be established as follows. Asso- 
ciate T Si ^ Ti and f~ x i-> X* 1 . . . X?% where f a := v e{a) T a , if a = (a u ...,a r ) 
is dominant. 



1.2 

1.2.1 Admissible representations of p-adic groups 

Let us recall that a representation of p-adic group is called supercuspidal iff all 
its matrix coefficients have compact support modulo the center of the group. It 
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is well-known the following fact: Given any irreducible representation tx of G, 
there exists a Levi subgroup L and a supercuspidal representation a of L such 
that 7r is a sub-quotient of the induced representation ip(<j) := Indp infl a. Every 
representation of the form ip(a) has finite length for any irreducible representa- 
tion of P and the other pair (L', a') has the same properties as (L, a) if and only 
if there exists an element x 6 G such that V = xLx^ 1 and a' = a x , where 
a x (h) := a(xhx~ 1 ). The pair (L, er) is called a cuspidal pair and the conjugacy 
class of (L, a) is called the support of tc. Two pairs (L, a) and (Z/, er') are called 
innertially equivalent iff there exist x E G and x £ A'™ r such that L' = xLx~ l 
and er' = (a (g> x)*- Given an innertially equivalent class s = ((L, er)) one defines 
the sub-category 1Z S (G) of the category TZ(G) of smooth representations, consist- 
ing of all representations, all the sub-quotients of which have support in s. One of 
the well-known result of Bernstein is the fact that TZ(G) = x s lZ s (G) as the direct 
product of categories. The category 1Z cusp (G) := x s lZ s (G). Another well-known 
result of I. Bernstein, A. Borel and P. Kutzko is the fact that there is an equiv- 
alence from the category of unramified representations 1Z unr (G), for G = SL 2 , 
to the category of finite dimensional representations of the Iwahori-Hecke alge- 
bra M(G, I). The general case was treated in numerous works, see for example, 
Henniart [Q]. 

1.2.2 Dipper- James construction of irreducible finite dimensional represen- 
tations of U(v, W^ s ) 

For affine Hecke algebras of type A r ^\ there are constructions of all irreducible 
finite dimensional representations parametrized by Young tableaux, or partitions. 
Let us recall it in brief form. For each Young diagram A a so called Specht 
M(v , W / ^ fr )-module S x was defined in [|DJp and for the value v = q not a root 
of unity provide a complete list of irreducible finite dimensional representations 
of W(q, W^ s ) modules. 

If q is a primitive £th root of unity, Dipper and James [|5j|] constructed also a 
complete set of M(q, W^ s ) modules D^, parametrized though all Young diagram 
with at most i — 1 rows of equal length. Let us describe this construction in 
more detail. Let A = (Ai, . . . , \ r ), Y\ = &\ 1 x • • • x 6 Ar c & n . Define the 
symmetrization 
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and the anti-symmetrization 



A\ := (-q) n{n - 1)/2 - e(w) T w . 



w£Y x 



Let S x be the submodule of the induced M(q, W r &s ) module W x ^ W(q, W^)®^*) 
C, [where H(A) is the sub-algebra generated by Tj such that s, G Y x ], generated 
by A' X W X for A' is obtained from A by interchanging rows with columns, 



It was proven that there exists an explicit basis of the M.(v, W^ s ) modules 



which is evaluable at q G C x and such that the basis elements evaluated at q 
remain linearly independent over C for all q G C x . Let (., .) be the bilinear form 
on the U(v, W^) module W x . The the modules D x = S x /(S x f](S x ) ± ) are either 
or simple. The Young diagram is called ^-regular iff it has at most £ — 1 rows of 
equal length. The module D 1 * is nonzero if and only if p is ^-regular. We refer the 
reader to the original work of Dipper and James [|DJp for a detailed exposition. 

1.2.3 The Langlands correspondence 

Recall that a representation of p-adic group G is called smooth if the stabilizer of 
any vector is an open-closed subgroup in G. Let us denote V the contragradient 
representation of V, Let p : G = G(F) — > End V be an admissible (i.e. smooth 

and V — V) representation of G. One of the most important properties of admis- 
sible representations of p-adic groups is the fact that the space V 1 of /-invariant 
vectors in an admissible representation V, is finite dimensional. For every ele- 
ment / from the Iwahori-Hecke algebra IH(G, I) = C%°(I \G/I) we associate 
an operator in finite dimensional vector space V 1 , 



It is not hard to see that this correspondence gives us a representation of the 
Iwahori-Hecke algebra IH(G, /) in the finite dimensional space V 1 . It was proven 
that the correspondence V i— > V 1 provides a functor from, and is indeed an equiv- 
alence between the category of admissible representations of G generated by I- 
fixed vectors and the category of finite dimensional representations of the Iwahori- 
Hecke algebra IH(G, I) = W(v, W^ s )\ v=q . This result was essential proven by A. 



S x = U(q, W: s )A x M(q, Wis) Sym. 



U(v, Wl s )A x ,U(v, Wl s ) Sym A C W(v, W&) 
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Borel, P. Kutzko end Bernstein in rank one case and by Harris-Taylor [ |M r l] ] and 
Henniart [|Hp in the general (rank r) case. We refer the readers to JHT| ] and [|Hp for 
more detailed exposition of the local Langlands Correspondence. 

1.3 

We can define now our main objects - the quantized algebras of functions on 
quantum affine Hecke algebras. 

1.3.1 Quantized algebras of functions 

Let us consider the product of matrix coefficients, associated with the product of 
elements of the affine Hecke algebra, of finite dimensional representations, see 
[|]]. With respect to this product we have some non-commutative algebras. 

Definition 1.3 The quantized algebra JF(H(w, M^r)) or -Fv^Wls) of functions on 
the quantum affine Hecke algebra M(v, W^ s ) is by definition the algebra generated 
by matrix coefficients of all finite-dimensional representations of the quantum 
affine Hecke algebra H(v, W^ s ) 

1.3.2 Inclusion 

Proposition 1.4 The natural inclusion W^ s W^ s induces a natural projection 
of quantized algebras of functions 

T(J&(v, Wig)) -» .F(H(t>, WjJu)). 

Proof. It easy an easy consequence from the corresponding inclusion of the 
affine Weyl groups, <^-> W r &s . □ 

2 Irreducible representations 

The main subject of this section is to describe all (up to unitary equivalence) in- 
equivalent unitarizable representations of the quantized algebras of functions on 
affine Hecke algebras. We describe first in the rank 1 case and then use the pro- 
jection jF(H(f , W^g)) -» jF(H(f , W^g)) to maintain the general case. 
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2.1 Rank 1 case 



Lemma 2.1 The quantized algebra T V {W^ x X*(T)) is generated by the restric- 
tions t\i\wfKXJT)) an d tnlwf kXJT)) with some defining relations. 



PROOF. It was proven in L. Korogodski and Y. Soibelman flKSfl that in every 
finite-dimensional representation of jF[SL 2 (C)] g , there exists an action of quan- 
tum Weyl elements w. For the groups of type A\, the root and coroot lattices 
are isomorphic X*(T) ^ X*(T). We can therefore see W aff = W f k X*(T) ^ 
Waff = x X,,, (T) as some subgroups of SL 2 (C) . Therefore we have the restric- 
tions of the representations from the list of irreducible representations of SL 2 (C). 



Two generators of W^ s are w 



and D 



w 
w 



In the repre- 



1 
-1 

sentation described in QKSfl, they are defined by two matrix elements t u and ti 2 , 
restricted to our affine Weyl group. □ 



Lemma 2.2 Every irreducible unitarizable representation of 'J- V (W* ix X*(T)) 
can be obtained by restricting some irreducible unitarizable representations of 
^(SL 2 (C). 

PROOF. First remark that if V is a representation of T V {W S ix X* (T) ) and Ind V = 
JF„(SL 2 (C)) ®f v (wfKX t (T)) V tne induced representation of jF t) (SL 2 (C)), then 
there is the well-known Frobenius duality 

Hom(Ind^, W) Rom{V,W\ MwfxX4T)) ). 

Let us consider a T V {W^ kX*(T)) module V. Taking induction Ind V = J r v (SL 2 (C))( 
V , we have a JF 1 ,(SL 2 (C)) module. The irreducible ones can be therefore obtained 
from the list of irreducible unitarizable reprenatations ir Wit of J r i; (SL 2 (C)). □ 
Let us denote the restrictions of representations of J r [SL 2 ] 9 on JF(H(w, W£ s )) 
by the same letters. 

Theorem 2.3 Every irreducible unitarizable representations ofJ r v {Wl s ) is equiv- 
alent to one of the unitarily inequivalent representation from the list: 

1. The representations r t , t 6 S>\ defined by 



r(tn) = t, r(t 22 ) = r 1 
r(*2i) = 0, r(t 12 ) = 0, 



'F v (Wf tx.X*(T)) 
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2. The representations n W:t , w G W* , t G S 1 , defined by 

\ . / e i-> 0, 

7i*(t 22 ) ■ e k i-> VI - ve k +i, k>0, 
7i*(ti 2 ) : e fc h-> tv 2fc e fe , fc > , 
vr t (t 2 i) : e k i ► rV* +1 e fe , fc > . 



PROOF. It is directly deduced from Lemmas Ol [2T2] and the following fact. Let 
us now recall that L. Korogodski and Y. Soibelman QKS| ] obtained the descrip- 
tion of all the irreducible (infinite-dimensional) unitarizable representations of the 
quantized algebra of functions !F V (G): For the particular case of .F„(SL 2 (C)), its 
complete list of irreducible unitarizable representations consists of: 

• One dimensional representations r t ,t G S 1 C C, defined by Tt(tn) = 
t, r t (t 22 ) = t~\ r t (t 12 ) = 0, r(t 21 ) = 0. 

• Infinite-dimensional unitarizable jF 1 ,(SL 2 (C))-modules ir t ,t G S 1 in £ 2 (N), 
with an orthogonal basis {efc}^ , defined by 



7tt (tii) : 

7T t (t 22 ) 
7T t (tl 2 ) 
7I*(t 2 i) 



e 



0. 



e k i-> VI - ve k -i, k > 0, 



e k i-> VI - ve k+ i, k>0 

e k i— > tv 2k e k) k > , 

e k ^ rV* +1 e fc , k > . 



□ 



2.2 Rank r case 

Let us consider the representations which are the composition of the homomor- 
phisms 

tt s . = n_ 1 op: F V (G) -» ^(SL 2 (C)) — > End£ 2 (N), 



Theorem 2.4 Every irreducible unitarizable representation ofJ^yiW^) is equiv- 
alent to one of the unitarily inequivalent representations: 

The representations it w>t = 7T Si (8) . . . n Sti ®r t ,w = s il ... s ik G is a reduced 
decomposition ofw, t G S 1 . 
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Proof. For the general case of J r v {G) , consider the algebra homomorphism 
F V (G) -» JF„(SL 2 (C)), dual to the canonical inclusion SL 2 (C) <^-> G c . Then 
every irreducible unitarizable representation of the quantized algebra of functions 
F V {G) is equivalent to one of the representations from the list: 

• The representations r t ,t = exp(27r^/— Tx) E T = S 1 , 

r t(C^ r ) = 5 r , s 5^exp(2irV^l^(x)). 

• The representations n,i = n Sii <g> ■ ■ • <g> 7r Sifc , if w — s^.-.s^ is the reduced 
decomposition of the element w into a product of reflections, where the 
representations n Si is the composition of the homomorphisms 

tt Si = tt— 1 o p : F V (G) -» .F„(SL 2 (C)) — > End£ 2 (N), 

□ 

3 Schur-Weyl duality 

The Schur-Weyl duality is well-known for finite-dimensional representations of 
quantum affine Hecke algebras and quantum f-Schur algebras. For (possibly infi- 
nite dimensional) representations of the quantized algebras of functions on them 
we also have this kind of duality. We use it then to describe (possibly infinite- 
dimensional) representations of g-Schur algebras. The main idea is to use the 
maps 

U n (sl r ) -» U~(sl r ) ^ U~(sl r ) (g) A R-» § n: r(v) 

3.1 

3.1.1 f-Schur algebras S njJ .(u) 

We recall first the definition of the affine f-Schur algebras. Let s € N be an 
nonnegative integer, and rGN* = N\ {0} a positive integer. Denote 

A n T = {(ii, . . . , v); 1 < h < ■ ■ ■ < i r < n} 
be the fundamental domain of the both actions of W^ s = & r on Z r on the left by 

Sj.(ii,---,ir) ■= (ii,...,i j+ i,ij,...,ir),l < j < r, 
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i r ) := (zi + sAi, . . . i r + s\ r ), X G TU' 

and on the right by 

(ii, . . . , i r ).Sj :=(z 1; ..., ij, . . . , ir), 1 < j < r, 

(ii, i r ).\ := (ii + s\i, . . . i r + s\ r ), X G Z r . 

For an element i G -4™, denote the stabilizer as ©[. Let us consider the projector 
e\ := J^see- Define the affine f-Schur algebra as 

It was proven that Hy = e}H(v, W / J fr )ej is exactly the C[v , t> _1 ]-linear span of 
the element T a = J2aee-\e/&- ^a- ^ was P roven tnat this affine f-Schur algebra 
Sn,r(i>) is a quotient of the modified quantum group U~(gl n ). 

3.1.2 v -Schur duality 

One defines 

J n,r ■= eiR(v,W^ s ). 

Define T a := J2secr f° r eacn cose t class a G Si \ @ r , then {T CT } form a basis 
of T(n, r). The algebra W(v, W^ s ) acts on T(n, r) by multiplication on the right 
and the algebra S n , r (v) acts on T(n, r) on the left by multiplication 

eihe-ye^h! :— d^eihe^h', V7i, h' G eiW(v, W^ s ). 

The Schur- Weyl duality for finite dimensional representations is as follows. 

$ n ,r( v ) — End H(v,w^)ir(n,r), 

e(^^)^End s „, r( „)T(n,r), 

Remark that a geometric realization of this Schur- Weyl duality is an important 
subject in the Deligne-Langlands interplay and was highly developed, see e.g. 
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Theorem 3.1 The unitarizable jF(H(t>, W^ s )) -modules and J~(&n,r{ v )) modules 
are in a complete Schur- Weyl duality 

F(Sn )r (v)) = Endjr( H („,w^)) T(n,r), 

F(W(v,W: s )) = End^ ipM) T(n,r), 

Proof. It is enough to recall that the quantum algebras of functions are con- 
sisting of matrix coefficients of all finite dimensional representations of the affine 
Hecke algebras and affine w-Schur algebras respectively. □ 

3.2 

3.2.1 Restriction maps 

Let us first recall [|Cp the definition of the so called modified universal enveloping 
algebras U(g). Denote as before X*(T) the weight lattice, X*(T) the co-weight 
lattice. For each A', A" e X*(T) define 

x>Uy,:=U(Q)/( (K,-v^)U(q) + U(q) £ (K,-v^)) 

and the natural projection 

U(g) -» x'Ux". 

By definition the modified universal enveloping algebra U (g) is the direct sum 

U(S) := X'Uy, 

A'eX*(T),A"6X»(T) 

The w-Schur algebras can be considered as some quotient of the modified 
quantized universal enveloping algebras U v (g) which is different from U(g) re- 
placing U°(g) = C by the direct sum of infinite number of copies of C, one for 
each element of the weight lattice X*(T), see G. Lusztig ([0, chapters. 23, 29). 
It was shown that the category of highest weight finite dimensional representa- 
tions with weight decomposition of U (g) is equivalent to the category of highest 
weight representations of 11(g), but the algebras U(g) admit also the representa- 
tions without weight decomposition. 

Recall from the work of Schiffmann. The main idea is related with the maps 

U n (sl r ) -» U~(sl r ) >-> U~(sl r ) ® A R^> § n;r (v) 
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3.2.2 Description of irreducible representations 

Theorem 3.2 The restrictions of irreducible unitarizable !F v (U n {sl r )) modules to 
^Fvi^n,r{. v )) give a complete list of irreducible unitarizable J- V i^ n ,r{ v )) modules. 

PROOF. The proof combines Lemmas ^T], [Z2| and the following fact. In the par- 
ticular case of §2,d(f ) Doty and Giaquinto [ ]DU| ] have a more presice description: 
The t>-Schur-Weyl algebra is just the image of the quantized universal eveloping 
algebra U v {s\q) in the d- tensor product power of the standard 2-dimensional rep- 
resentation. It is isomorphic to the algebra generated by elements E, F, K and 
R~ x subject to the relations: 

(a) KR- 1 = R~ l R = 1, 

(b) KER- 1 = v 2 E, RFR' 1 = v~ 2 F, 

(c) EE — FE = 

(d) (R - v d )(R - v d - 2 ) ...{K — v~ d+2 )(R - v- d ) = 0. 

We use again the map ^(S(n, d)) — »■ .F„(§(2, d)) associated with the natural 
inclusion of the Weyl groups W^ s □ 

Remark 3.3 Denote 

(v tt \-S ( C ' r ^' ife = 0, 

1 £ ' u £ ' <j ~ 1 (4(N),tt^)^ e W", if e = 1 



and define 



e =o,i J * eS1 



We have therefore the Schur-Weyl Duality for unitarizable representations: 

Every irreducible unitarizable representation of the quantum affine Hecke algebra 
M(v, W^ s ) is a sub-representation of the representation in the space of S n r (v)- 

invariants Tn™r and conversely, every irreducible unitarizable representation of 
the quantum t;-Schur algebra f$ n>r (v ) is a sub-representation of the representation 

in the space of H(t>, W£ s ) -invariants T^^' W 
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